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We present molecular dynamics simulation results for the viscosity and mutual diffusion constant of a
strongly asymmetric binary ionic mixture. We compare the results with available theoretical models previously
tested for much smaller asymmetries. For the case of viscosity we propose a predictive framework based on the
linear mixing rule, while for mutual diffusion we discuss some consistency problems of widely used
Boltzmann-equation-based models.

DOI: 10.1103/PhysRevE.71.056405 PACS numberssd: 52.25.Fi, 52.27.Cm, 52.27.Gr

The important advancements that occurred in the last de-
cade in the experimental techniques involving high-power
lasers have generated a renewed interest in the properties of
dense plasmas in general and their transport properties in
particular f1–3g. The experimental capabilities currently
available and the ones that are expected to become available
in the near futuref4g promise to further advance the field of
inertial confinement fusionsICFd as well as shed new light
on long-standing astrophysics problems. Many times such
experiments either probe, or their outcome is strongly depen-
dent on, the behavior of plasma mixtures with various de-
grees of charge and mass asymmetries of the components.
Such mixtures occur, for example, in ICF due to the insta-
bility se.g., Richtmyer-Meshkov or Rayleigh-Taylord driven
mixing of the heavy elements that make up the enclosing
shell and the much lighter fuel. In this case the stability of
the initial interfaces, the nature of the ensuing flows, and the
degree of fuel contamination are crucially linked to such
mixture properties as shear viscosity and mutual diffusion
f5–7g. In the present paper we calculate these properties us-
ing molecular dynamicssMDd simulations for a simple but
relevant plasma model: the binary ionic mixturesBIM d f8,9g,
which is a generalization of the one-component plasma
sOCPd f10g. We study a rather extreme, ICF-inspired system
f7g D+-Au39+, which displays roughly 2 orders of magnitude
charge and mass asymmetry, but the results should apply to
other plasma mixtures as well—e.g., of astrophysics signifi-
cancef11g, where large charge and mass asymmetries are
present. We compare the MD results with available theoret-
ical models previously tested for much smaller asymmetries.
For the case of viscosity we propose a predictive framework
based on the linear mixing rule, while for mutual diffusion
we discuss some consistency problems of Boltzmann-
equation-based models.

The BIM model consists of a mixture ofN1 point ions of
chargeq1=Z1e and massM1 and N2 point ions of charge
q2=Z2e and massM2 embedded in a uniform, rigid, neutral-
izing electronic background. We denote the number concen-
trations byxa=Na /N, N=N1+N2, a=1,2, andnumber den-
sities by ra=Na /V, r=r1+r2, whereV=L3 is the volume.
kZl=x1Z1+x2Z2 is the average charge, andr8=r1Z1+r2Z2

the electronic number density. As usual the mean interelec-
tronic and interionic distances are defined bya8
=s3/4pr8d1/3 and a=s3/4prd1/3=a8kZl1/3, while the elec-
tronic and ionic coupling parameters are

G8 =
e2

a8kBT
= GkZl1/3, s1d

Gi = G8kZ5/3l, s2d

with

G =
e2

akBT
. s3d

The thermodynamics of the system is fully determined by
one coupling constant—e.g.,G—and concentrationx1. As is
the case for the OCP, the validity range of the BIM model is
such that the Fermi temperature of the electrons isTF@T
and the densities are high enough, sors!1, rs=a8 /a0, a0 the
Bohr radius, corresponding to a completely degenerate and
rigid electronic background.

The thermodynamics of the BIM has been thoroughly
studied and is known to be very well described by the linear
mixing rule f8,12–14g. For moderate charge asymmetries an
OCP-based “one-fluid theory” is also a reasonable approxi-
mation f8g, with an effective chargeZef f

2 =kZ5/3lkZl1/3 sug-
gested by the ion-sphere modelf15g. The relative success of
this “one-fluid” representation has lead Clérouinet al. to
propose that the shear viscosity can also be predicted in
terms of the equivalent OCP, as already tested for thermal
transportf16g. sAlthough not explicitly stated inf2g, further
assumptions need to be made for such a prediction—see be-
low.d This “one-fluid” approach was shown to be suitable for
calculating the BIM viscosity at charge and mass asymme-
tries of order<10. Before testing this idea on much larger
asymmetries,<100, we note that, surprisingly, the viscosity
of the OCP itself does not appear to be very accurately
known. For intermediate and strong couplings 1øGø100,
Bernu and Vieillefossef17g have proposed an interpolation
formula based on three MD simulation results obtained with
systems of 128–250 particles, while at even stronger cou-
plings Ichimaru and Tanaka have introduced a generalized
viscoelastic theoryf18g. In f2g the authors propose a different
relation based on the kinetic theory of Wallenborn and Baus*Electronic address: bastea2@llnl.gov
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f19g, which extends to the weak-coupling regime. However,
the disagreement between these two approachessRefs.
f17,2gd is significant in the regime that they both cover,G
ù1, particularly at intermediateG’s. Unfortunately it is dif-
ficult to ascertain the reliability of these predictions given
both the limited simulation results available and the small
system size used, which limits the accuracy of the results.

To settle this question we performed extensive microca-
nonical MD simulations of the OCP with much larger system
sizes, 1372 particles, and a wide range of coupling constants,
0.05øGø100. The Coulomb interactions were handled us-
ing the Ewald summation technique with conducting bound-
ary conditions. The calculation of the shear viscosityh was
done using the Green-Kubo relation:

h =
1

VkBT
E

0

`

kŝxystdŝxys0dldt. s4d

As shown by Bernu and Vieillefossef17g and more recently
in the context of Yukawa plasmas by Salin and Caillolf20g,
the evaluation of the pressure tensorŝ requires an Ewald-
type summation for its interaction part,ŝI:

ŝ = ŝK + ŝI , s5d

ŝab
K = o

i

Mivi,avi,b, s6d

ŝI = ŝsrd + ŝskd, s7d

ŝab
srd =

1

2o
iÞ j

qiqj
r ij ,arij ,b

rij
F2ae−a2ri j

2

Îpr ij

+
erfcsar ijd

r ij
2 G , s8d

ŝab
skd =

2p

L3 o
uk uÞ0

e−k2/4a2

k2 Fdab − 2S1 +
k2

4a2Dkakb

k2 Gur̃skdu2,

s9d

r̃skd = o
i

qie
−ik·r i , s10d

wherea andb denote Cartesian coordinates. The Ewald pa-
rametera f21g was chosen such that the real space sums—
e.g.,ŝsrd—can be calculated with the usual minimum-image
convention, as shown above. The duration of the runs was
s103–104dvp

−1, wherevp
2=4pre2/M is the plasma frequency

sZ=1d. The natural unit for the viscosity of the OCP ish0

=rMa2vp.
Our simulation results are shown in Fig. 1, together with

the interpolation formula of Bernu and Vieillefossesfor G
ù1d and the relation proposed inf2g based on OCP kinetic
theory. The errors, estimated using a standard block analysis
f22g, are between about 8% at intermediate and largeG and
25% at the lowestG. The present viscosity results largely
agree with those off17g, but suggest that in the intermediate-
coupling range the OCP viscosity is significantly higher than
previously predicted, in agreement withf23g. The well-
known viscosity minimum appears to be aroundG.21, with
h /h0.0.084. We are not aware of other simulations for

weakly coupled plasmas,Gø1, but our viscosity results in
this regime are in qualitative agreement with the kinetic
theory of Wallenborn and Baus, although somewhat lower.
Since for these conditions the screened, Debye-Hückel po-
tential e2 exps−r /lDd / r, lD=fkBT/4pe2rg1/2, should be an
appropriate representation of the effective interionic interac-
tion anda/lD~G1/2—i.e., the interaction can be fairly short-
ranged even forG significantly smaller than 1—a good vis-
cosity estimate should be provided by the Chapman-Enskog
theory,h=5kBT/8V2

s2d f24g. As shown in Fig. 1ssee further
below for how the collision integralsV2

s2d are calculatedd this
is indeed the case for 0.05øGø1. We choose to fit all the
data points with the relation

h

h0
= AG−2 + BG−s + CG, s11d

which captures rather well the behavior of the OCP viscosity
in the wide range of couplings simulated. The best param-
eters areA=0.482,B=0.629,C=1.88310−3, ands=0.878.

We know tackle the question of the BIM viscosity, in
particular when the charge and mass asymmetries are very
large. It should be noted that the system that we focus on,
D+-Au39+, is not a simple BIMper se, as goldsAud is only
partially ionized and the effect of the remaining electrons
may be important under certain thermodynamic conditions.
However, the BIM approach is still relevant provided the
densities and temperatures are such that the distance of clos-
est approach between ions is larger that the radius of the
remaining ion cores.

To elucidate the effect on viscosity of mixing plasmas
with such large differences in charge and mass as D+ and
Au39+ it is convenient to adopt the procedure of Ref.f2g,
where the coupling constantG is kept fixed and the concen-
tration of the two species is varied. We setG=0.05, which
corresponds toGi =0.05 for pure deuteriumsxAu=0d—i.e., a
weakly coupled plasma—and toGi .76 for pure goldsxAu

=1d—i.e., a strongly coupled plasma. As before, we perform

FIG. 1. OCP viscosity: present simulationsscirclesd, fit of simu-
lation resultsfEq. s11dg ssolid lined, predictive relation of Ref.f2g
sdashed lined, Bernu-Vieillefosse interpolation formulaf17g sdot-
dashed lined, and Chapman-Enskog estimate using screened poten-
tials sdotted lined.
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microcanonical simulations with a system of 1372 particles,
at a number of different concentrationsxAu. Due to the strong
charge and mass asymmetries, exceedingly long run times
are necessary for both equilibration and data accumulation to
calculate the viscosity using Eq.s4d with an accuracy of
20–25%. A good measure of the large “size” difference be-
tween the ions is provided, for example, by the pair correla-
tion functions, which we show in Fig. 2 forxAu=0.5.

As noted inf2g the viscosity drops steeply upon mixing
highly charged, heavy ions in a weakly coupled plasma; see
Fig. 3. This effect can be understood qualitatively in the
framework of a “one-fluid” theory, which we describe below.
The coupling constant of the equivalent OCP isGef f=GZef f

2 ,
where Zef f

2 =kZ5/3lkZl1/3 follows from the ion-sphere model
f15g. In this approximation the thermodynamics is fully de-
termined byGef f, but the calculation of the viscosity requires
some additional arguments. For example, a reasonable unit

for the viscosity of this system may be assumed to beh0
m

=rkMla2vpm, kMl=x1M1+x2M2, wherevpm
2 =vp

2kZl2/ kMl is
the “hydrodynamic” plasma mixture frequency.sThe use of
the so-called “kinetic” mixture frequencyf25g leaves the re-
sults largely unchanged.d The mixture viscosity in these units
is then postulated to be given by the scaled effective-OCP
viscosity:

hsG,xd
h0

msxd
=

hOCPsGef fd
h0

. s12d

We show in Fig. 3 the results of such calculations for the
system that we study, using both the OCP viscosity of Ref.
f2g and our prediction, Eq.s11d. The qualitative dependence
of the MD results onxAu, arising from the opposite behaviors
of hOCPsGef fd and h0

msxd, is reproduced correctly, but the
quantitative disagreement is also very significant, particu-
larly for small and moderate Au concentrations. The use of
the more accurate OCP viscosity, Eq.s11d, does not fully
alleviate this problem. We conclude that, not surprisingly, the
accuracy of the one-fluid model is diminished for extreme
asymmetries.

It is clear that this limitation can only be overcome by
taking into account, either explicitly or implicitly, the mix-
ture asymmetry. A direct calculation along the lines of the
kinetic theory of Wallenborn and Bausf19g has been used,
for example, to determine the BIM mutual diffusion constant
at small asymmetriesf26g. However, the calculation of the
viscosity is even more complex and given the limitations of
the theory even for the OCP its success for BIM quantitative
predictions is rather doubtful. We turn therefore to a more
indirect method, which we outline below. First, we recall an
interesting and much-studied property of binary ionic mix-
tures, the linear mixing rulef8,12–14g. Hansenet al. have
pointed out that the excess internal energy of the BIM,u
=Uex/NkBT, is very accurately represented as a linear com-
bination of the excess energies of two one-component plas-
mas with the same electronic coupling constantG8 as the
BIM sand ionic chargesZ1e andZ2ed; i.e., the mixing of the
two components at the same temperature and electronic den-
sity is largely ideal:

usG8,x1d . x1uOCPsG8Z1
5/3d + x2uOCPsG8Z2

5/3d. s13d

We find that this rule is satisfied at very large asymmetries as
well, with the largest relative deviations occurring at
G8!1—i.e., small Au concentrations—in agreement with
f8g. Given this nearly ideal mixing behavior we assume that
other system properties—e.g., viscosity—are bracketed by
the component values as well. For an interpolation relation
between the viscosities of the two OCP’s at a given compo-
sition we now borrow some concepts from the linear trans-
port theory of composite media. A common situation encoun-
tered in such systems is that of “impurities” with a
generalized conductivitya1 and total volume fractionf1 ran-
domly dispersed in a matrixa2. Under these circumstances
the effective medium theoryf27g employs a mean-field-like,
self-consistent approximation to predict the medium conduc-
tivity on scales much larger than those of the inhomogene-

FIG. 2. Ion-ion pair correlation functions forG=0.05,xAu=0.5:
D+-D+ sdotted lined, D+-Au39+ sdashed lined, and Au39+-Au39+

ssolid lined.

FIG. 3. Viscosity of the D+-Au39+ BIM at G=0.05 as a function
of composition: simulationssdiamondsd, one-component model of
Ref. f2g sdot-dashed lined, one-component model using Eq.s11d for
the OCP viscositysdashed lined, and two-component modelfEq.
s14dg ssolid lined.
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ities. For the case of viscosity this yieldsf28g, for the effec-
tive medium viscosityhm,

o
i

fi
hi − hm

hi + 3
2hm

= 0. s14d

We now note that the BIM is obtained by combining one-
component plasmas with volume fractionsfi =Zixi / kZl and
use the above relation to predict the mixture viscosity, essen-
tially assuming that the theory applies for atomically sized
impurity domains. Using Eq.s11d for the individual OCP
viscositiesh1 andh2 we obtain the results shown in Fig. 3.

The degree of agreement with the simulation results is
fairly remarkable. This may lead one to believe that the sys-
tem is perhaps thermodynamically unstable and separating
into two OCP phasesf8g. However, we find no evidence for
such a scenario and conclude that the decoupling signaled by
the linear mixing rule along with the tremendous asymmetry
between the ions leads to behavior mimicking that of a mac-
roscopically mixed system.

We now turn to the case of ionic interdiffusion in the
BIM. Mutual diffusion in plasma mixtures plays an impor-
tant role in the prediction of stellar structuref29g, as well as
the stability of ICF targetsf5g. For the case of a binary mix-
ture the mutual diffusion coefficientD12 can be calculated in
terms of the fluctuations of the microscopic interdiffusion
currentf30g:

D12 = x1x2F ]2sbG/Nd
]x1

2 G
P,T

D12
0 , s15d

D12
0 =

1

3Nx1x2
E

0

`

kj cstd · j cs0dldt, s16d

j cstd = x2o
1

N1

vistd − x1o
1

N2

vistd, s17d

whereG is the Gibbs free energy. The thermodynamic pref-
actor that multiplies the Green-Kubo componentD12

0 reduces
to unity for dilute gas mixturesf30g, but in low-density,
weakly coupled plasmas goes tokZ2l / kZl2, which has been
interpreted as an effect of the ambipolar electric field of the
electronsf26g. It is worth noting that the above relation is a
good estimate forx1x2f]2sbG/Nd /]x1

2gP,T at weak as well as
strong couplings. Since the linear mixing rule holds well for
all couplings, the change in Helmholtz free energy upon mix-
ing at constant electronic densitysand temperatured,

DF

N
= fsG8,x1d − x1fOCPsG8Z1

5/3d − x2fOCPsG8Z2
5/3d, s18d

is very well approximated by the ideal entropy of mixing
swith negative signd:

DF

N
. kBTFx1 ln

x1Z1

kZl
+ x2 ln

x2Z2

kZl G . s19d

If we assume that the system pressurep=pelectronic+pionic is
entirely determined by the electronic density—i.e.,pelectronic
@pionic—which is consistent with the initial assumption of a

rigid electronic background,rs!1, then DG=DF f8g. We
can therefore immediately calculate the thermodynamic pref-
actor askZ2l / kZl2. The difference between BIM and ideal
gas mixtures appears here to be an entropic effect induced by
the charge neutralizing background, as mixing occurs at con-
stant electronic densitysi.e., constant electronic pressured as
opposed to constant molecular densitysi.e., constant ideal
gas pressured.

In the course of the molecular dynamics simulations with
various D+-Au39+ mixtures we also calculated the micro-
scopic interdiffusion currentj c and therefore were able to
determine the Green-Kubo integrandD12

0 . The results are
shown in Fig. 4 relative toD0=a2vp, along with the dis-
cussed thermodynamic prefactor estimate. We find thatD12

0 is
almost concentration independent forxAuù0.1, but appears
to decrease fairly steeply at lower concentrations. The pref-
actor kZ2l / kZl2 has a simple behavior, with a sharp maxi-
mum for small amounts of highly charged ionsf31g.

For a BIM with small ionic asymmetry kinetic theory es-
timates of theD12

0 were found to be in good agreement with
simulationsf26g. A simpler model, widely employed for as-
trophysics problems, was proposed by Paquetteet al. f32g.
Its main assumption is that the Boltzmann equation can be
used to calculate the transport coefficients of plasma mix-
tures modeled as BIM by making use of the Chapman-
Enskog solution methodf24g. The authors further argue that
screened potentialsZiZje

2 exps−r /ld / r are better suited for
such estimates than the pure Coulomb interaction. In order to
extend the validity of this approach to strong couplings they
propose as appropriate screening distancel the larger oflD
anda, wherelD is the Debye screening length:

lD = F kBT

4pe2sr8 + oiriZi
2dG1/2

. s20d

Under these assumptions the Boltzmann equation mutual dif-
fusion coefficient is given in the first Enskog approximation
as

FIG. 4. Mutual diffusion constant contributionD12
0 ssee textd of

the D+-Au39+ BIM at G=0.05 as a function of composition: simu-
lations scirclesd and screened potential model of Ref.f32g ssolid
lined. Thermodynamic prefactorkZ2l / kZl2 sdashed lined.
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fD12g1 =
3kBTsM1 + M2d
16rM1M2V12

s11d , s21d

whereV12
s11d are collision integralsf24g that have been tabu-

lated with high accuracy in Ref.f32g. We perform such cal-
culations for the D+-Au39+ mixture using the slightly better
second Enskog approximationf32g. The outcomessee Fig. 4d
reproduces rather well the MD simulation results forD12

0 at
xAuù0.1, butnot the mutual diffusion coefficientD12. This is
an important point that merits further discussion. In fact,
there is no reason to expect that Chapman-Enskog estimates
based on the Boltzmann equation for the ions can reproduce
the full D12 for either pure Coulomb interactionsswith some
reasonable cutoffd or screened potentials. As shown inf26g
for low-density plasmas or more generally here, the prefactor
value kZ2l / kZl2 only arises when the electronic background
is explicitly taken into account either through its ambipolar
field in a dilute plasma kinetic descriptionf26g or simply at
the thermodynamic level in the context of the linear mixing
rule. No such effect is included when the standard Boltz-
mann equation, which is consistent with ideal gas thermody-
namics, is used to model the dynamics of the ions. Therefore
it is reasonable to expect that such approaches can only pro-
vide estimates of the Green-Kubo part—i.e.,D12

0 —of the
mutual diffusion constant, as already evidenced by our simu-
lation results and perhaps not fully appreciated before. We
note, however, that the prefactor value quoted above may be
a good approximation only forrs→0. For real systems—
e.g., those encountered in ICF or astrophysics problems—rs
departs significantly from zero and the electronic pressure
and polarization effects can lead to phase separationf8,33g,
especially at high asymmetries. The thermodynamic quantity
(]2sbG/Nd /]x1

2)P,T is connected to the spinodal decomposi-
tion line of the plasma mixturef33g, and therefore proper
estimates require careful calculations. In particular, it was
pointed out inf33g that it is not sufficient to consider a BIM
with a compressible but nonpolarizable electronic back-
ground since a consistent treatment can only be achieved
with an appropriate modeling of electronic screening.

The apparent failure at low Au concentrations of the

screened potentials method proposed by Paquetteet al. may
appear at first puzzling since asxAu decreases so does the
effective coupling constantGeff, and therefore the accuracy
of the theory should in principle only increase. We note,
however, that this also requireslD.a, which for our system
and chosenG meansxAu no bigger than<10−3. In fact, al-
though not easily seen in Fig. 4, the theoretical values drop
sharply for such compositions to values close to the MD
result at the lowest simulated Au concentration,xAu=0.03.
For this composition the screening distancea, although
larger thanlD, appears to be too small. This is perhaps not
unexpected given that due to the significant separation be-
tween the highly charged ions they are primarily screened by
the small ions and the electronic background, which requires
distances significantly larger thana when the charge asym-
metry is very large.

In summary, we have investigated using molecular dy-
namics simulations the viscosity and mutual diffusion coef-
ficients of a plasma model known as the binary ionic mixture
when the asymmetry is very strong. We discuss in light of
the MD results important shortcomings of widely used theo-
retical models at large asymmetries. For viscosity, an OCP-
based “one-fluid” theory proves inadequate for quantitative
predictions and we propose a method based on the linear
mixing rule. A commonly employed model of ionic interdif-
fusion based on the Boltzmann equation compares reason-
able well with the simulation results, but we point out that it
provides only part of the mutual diffusion coefficient. The
missing thermodynamic piece may be particularly important
for large asymmetries and low concentrations of highly
charged ions, situations often encountered in both ICF and
astrophysics applications. Finally, calculations that take into
account electronic polarization effects are currently under
way and will be reported in a future publication.
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